The weak value, introduced by Aharonov et al. to extend the conventional scope of physical observables in quantum mechanics, is an intriguing concept which sheds new light on quantum foundations and is also useful for precision measurement, but it poses serious questions on its physical meaning due to the unconventional features including the complexity of its value. In this paper we point out that the weak value has a direct connection with the wave-particle duality, in the sense that the wave nature manifests itself in the imaginary part while the particle nature in the real part. This is illustrated by the double slit experiment, where we argue, with no conflict with complementarity, that the trajectory of the particle can be inferred based on the weak value without destroying the interference.
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The weak value, proposed earlier by Aharonov et al. [1] as a novel measurable quantity for an observable A, has been attracting much attention in recent years. It is defined by
to a given process of transition from the initial (preselected) state |φ to the final (post-selected) state |ψ . One of the reasons for the rise of interest is that it may provide a deeper understanding of 'quantum paradoxes' and thereby elucidate the foundation of quantum mechanics. The other is that the weak measurement, which is the procedure designed to obtain the weak value under negligible disturbance, can be useful for precision measurement or even for a direct measurement of quantum states (for a recent review, see [2] ). Despite numerous studies motivated by these expectations, the physical meaning of the weak value A w remains still obscure, partly because it is complex-valued rather than real, and also because it can become 'anomalous' exceeding the range of the eigenvalues of A [1] or even 'inexplicable' realizing the separation of physical property from its holder [3, 4] . In this respect, it is argued that the real part of the weak value A w can be interpreted as the conditional average of A pertinent to the process, while the imaginary part is related to the change of the transition probability [5] . Meanwhile, we have witnessed a further puzzling phenomena involving the time-symmetric interpretation of quantum dynamics [6] . Quite recently, the anomalous weak value has been attributed to contextually of physical values [7] .
In this paper, we point out yet another intriguing property of the weak value in connection with the waveparticle duality. Specifically, we show that the wave nature manifests itself in the imaginary part of A w while the particle nature appears in the real part. This is demonstrated by the double slit (gedanken) experiment, where the momentum weak value p w is directly related to the interference effect on the screen and similarly the position weak value x w to the trajectory of the particle. The weak trajectory allows us to infer, without destroying the interference, that the particle takes either of the two classical paths from the slits when it is 'not measured' or undisturbed, which is the situation presumed by weak measurement. Although this does not contradict with complementarity since the weak value is obtained for an ensemble, not for an individual particle, our result suggests the possibility of arguing both the wave and particle-nature simultaneously based on the weak value.
We begin our discussion by showing a direct link between the imaginary part Im A w and interference, extending the work [5] . For this, we first consider the transition amplitude K(α) = ψ|V A (α)|φ between the two states |φ and |ψ intervened by the unitary operator V A (α) = exp (−iαA). The weak value is then obtained by
We may regard V † A (α)|ψ as a family of post-selected states (ignoring the time evolution momentarily) and consider the variation of the transition probability. If, during the transition, some interference effect with respect to a basis set of intermediate states {|χ k } arises, it can be argued explicitly by inserting the completeness relation I = k |χ k χ k | into the probability as
where K k (α) = ψ|V A (α)|χ k χ k |φ is the transition amplitude via the intermediate process k through the state |χ k . It is then recognized that the first 'diagonal part' in the r.h.s. of (3) corresponds to the classical transition, while the second 'off-diagonal part' describes the quantum interference among the intermediate processes.
In the case of the double slit experiment, A is the generator of translation on the screen, i.e., the traverse momentum p of the particle that goes through the slits, and α specifies the translation in the position of the particle along the screen. Once observed, the particle is ideally in the post-selected state given by the corresponding position eigenstate, and the interference reduces to the usual one, that is, the variation of the transition probability on the screen. The strength of interference may be evaluated by the 'index of interference' defined by the logarithmic derivative of the off-diagonal part of (3):
Using the weak value A k w = ψ|A|χ k / ψ|χ k associated with the intermediate process k which admits a formula analogous to (2) with K(α) replaced by K k (α), we obtain
being the relative probability for the intermediate process k. This expresses the strength of interference I as the gap in the imaginary part of the weak value between the entire process and the average of the intermediate processes.
Note that each of the processes through |χ k is counterfactual in the sense that it is not actually measured. In fact, this is the crucial element of the quantum transition and to be sharply contrasted to the classical counterpart for which all the processes are factual and Π k is a true probability (so that k Π k = 1 holds, unlike the quantum case). The last expression (5) shows the rate of change in the interference in terms of quantities associated with the off-diagonal part exclusively, where one finds that the index I diverges for K(0) → 0, that is, when the amplitudes sum up destructively.
We now illustrate our argument by the double slit experiment. Consider a particle passing through two narrow slits S ± and later hits the screen to form an interference pattern ( see FIG.1 ). To make our analysis simpler, we choose our state at t = 0 by the superposition of two localized states,
Our post-selection at time t = T is then made by the position eigenstate at x = x f ,
corresponding to the point where the particle is spotted.
Ignoring the dynamics in the y-direction which plays no essential role in the following discussion, we just take account of the dynamics of free motion in the x-direction described by the Hamiltonian, H = p 2 /2m, where m is the mass of the particle and p the momentum along x. The orange filled curve describes the transition probability when the slits are point-like, whereas the dotted curve describes the transition probability for the case where the slits are finite in size and the particle distribution is given by a Gaussian distribution around S±.
The time evolution is then given by the unitary transformation U (t) = exp (−iHt/ℏ), and for the present process the transition probability reads
This picture of interference yields undiminished fringes and is admittedly too simplistic, and perhaps one can render it more realistic by considering a Gaussian distribution for the initial state ( see FIG.1 ). However, it will be seen that our picture is sufficient to capture the key feature of the weak value on the wave-particle duality.
To put the present case in the general context, we introduce |φ(T ) := U (T )|φ and consider the family of post-selected states V † p (α)|x f with V p (α) = exp [−iαp]. Since p is the generator of translation, we have V † p (α)|x f = |x f − α . The probability amplitude is then K(α) = ψ|V p (α)|φ(T ) , and the transition probability (8) 
Under our choice of selections, on the screen at t = T the weak value of the momentum p w and those for the partial processes (p ± ) w are given by
Since (p ± ) w are both real, the index (5) turns out to be
We thus see that the index I is just the imaginary part Im p w , which diverges when the interference becomes completely destructive K(0) → 0 and vanishes when it is maximally constructive. For a one particle system, the most tangible source of physical quantity is arguably the trajectory of the particle, so let us examine how the weak value of the position x varies with time. This is done by setting formally the pre-selected state by the retarded state |φ(t) = U (t)|φ and the post-selected state by the advanced state |ψ(t) = U (t − T )|ψ for 0 ≤ t ≤ T . The resultant weak value,
is in general complex-valued, but it can be readily seen that, if both |φ and |ψ are position eigenstates, x w (t) becomes real and agrees with the classical trajectory. Now, if we instead have the superposition state for |φ given in (6), we find
We then notice that the real part Re x w (t) corresponds to the average of the two classical trajectories coming from the two slits S ± ( see FIG. 2 ). Although this is consistent with the real part of the momentum Re p w in (9), being the average (Re x w (0) = 0 in particular), it cannot reasonably be regarded as a true trajectory. In fact, this is a common feature that arises when the pre-selected state is formed by superposition, and is caused by the inability of distinction of the individual superposed states by the post-selection. As we see shortly, this pathological behavior can be 'cured' by rendering the distinction possible.
Before doing so, let us briefly discuss the imaginary part Im x w , which becomes large as the transition probability becomes small and eventually diverges when the interference is completely destructive ( see FIG. 2) . Note that although x is not treated here as a generator for unitary transformations as p is, the connection to interference is still valid, because of the direct dynamical relation between Im x w and Im p w obtained analogously to the Ehrenfest theorem.
The foregoing result that the real part Re x w (t) gives the average trajectory of the two classical ones prompts us to ask what happens if we can know which of the slits the particle has gone through. To answer this, we bring in the spin (qubit) degrees of freedom and let the particle be in the up state |+ when it goes through S + , and likewise in the down state |− when it goes through S − . Under this revised setup, our pre-selected state is given by
Of course, if we perform the selection at t = T by the state |+ or |− , it destroys the interference and gives nothing different from the previous setup. However, different results arise when we introduce, along the line of quantum eraser [8] , an obscuring element on the 'which path information' by adopting
for the post-selected state, which is achieved by choosing the spin up state by the measurement in the direction (sin θ cos η, sin θ sin η, cos θ). We then expect that, for θ = 0, π, the post-selection by |ψ destroys the interference pattern as we gain the complete which path information, whereas for θ = π 2 we recover the interference fringes but lose the which path information altogether.
To see if these expectations are realized, we introduce the spin tagged position operators,
which add up to x + + x − = x ⊗ I. Obviously, these operators tell us which of the slits S ± the particle comes from. Then, under the free motion of the particle preserving the spin, the tagged weak values x ± w (t) = ψ(t)|x ± |φ(t) / ψ(t)|φ(t) are found to be
where χ := 2m ℏ x f xi T − η. Since x ± w (t) are both proportional to the corresponding classical trajectories,
we may write
cl (t) in terms of the scale factors, R ± (θ) and I ± (θ), associated with the
The particle is localized around (xi, y
The particle is localized around (xi, y , (−xi and π with density proportional to the transition probability | ψ|U (T )|φ | 2 . At θ = 0, π where we have the perfect which path information, the interference pattern disappears and either of Rex real and imaginary parts of the weak value, respectively. We then find, for example, the real scale factor,
which has R + (0) = 1, R + (π) = 0 and R + (π/2) = 1/2. This shows that for θ = 0 the real part of the weak trajectory Re x + w (t) coincides with the classical trajectory x + cl (t) starting from the slit S + and that it vanishes for θ = π. This is actually expected, since θ = 0 (θ = π) means that only spin up (down) particles are post-selected and hence they must come from the slit S + (S − ). Meanwhile, at the midpoint θ = π/2 we find that Re x + w (t) is scaled down from x + cl (t) by half. An analogous result can be obtained for Re x − w (t) which is proportional to the classical trajectory x − cl (t) coming from the slit S − with the scaling factor
The discord between the real part of the tagged weak trajectory and the classical one, appearing when the post-selection does not allow the complete which path information, is in fact an artifact arising from the behavior of the transition amplitude contained in the denominator of the weak value. To remove this artifact, one may consider the 'normalized' weak trajectorỹ
Thus, when we measurex + (x − ) weakly under the postselection at x f , the particle is surely found to have passed through S + (S − ), taking the classical trajectory from x + (x − ) to x f ( see FIG.3 ).
To summarize, we have shown that the imaginary part Im A w of the weak value signifies the wave nature in terms of the rate of interference. In particular, in the context of double slit experiment the imaginary part Im p w of the momentum gives the index of interference. In the same context, the real part Re x w of the position exhibits the particle nature through the classical trajectory, if an additional device that allows for the which-path information is equipped. Our weak trajectory is defined purely from the position and differs from the one considered in [9, 10] in which a combination of velocity and position is used to obtain the dynamics of the Bohmian mechanics.
The real part of the normalized weak value of the tagged positionx ± w (t) indicates that the particle comes either of the two slits while still yielding the interference pattern. We emphasize that this is not in conflict with complementarity, as the weak value is obtained for an ensemble, not for an individual particle. Nonetheless, in view of the presumption that the weak measurement causes negligible disturbance for the particle, our result seems to suggest the naïve picture that, even when unseen, each of the particles in the ensemble is following the classical path before producing the interference pattern. It is our hope that the present study serves to gain a deeper understanding of the role played by the weak value in quantum mechanics. I. T. thanks Prof. A. Wipf for useful discussions. This work was supported in part by the Grant-in-Aid for Scientific Research (C), No. 25400423 of MEXT, and by the Center for the Promotion of Integrated Sciences (CPIS) of Sokendai.
